The variety of consistent "gauging" deformations of supergravity theories in four dimensions depends on the choice of Lagrangian formulation. One important goal is to get the most general deformations without making hidden assumptions. Ignoring supersymmetry we consider in this paper n v abelian vector potentials in four spacetime dimensions with non-minimal kinetic coupling to n s uncharged (possibly nonlinear) scalar fields. As in the case of extended supergravities, one model may possess different formulations related by Sp(2n v , R). The symplectic group mixes its electric and magnetic potentials. The model admits a global duality symmetry subgroup G which acts also on the scalars. We recall first how the general second order Lagrangian, its local deformations and those of its abelian gauge group will depend on the choice of 2n v directions (choice of "Darboux frame"). We start from a general frame defined by the symplectic transformation relating it to a fixed"reference" one. Combinations of symplectic matrix coefficients appear then as constant parameters in the second order Lagrangians. Another gauging method uses an "embedding tensor" that characterizes the realization of the gauge group via the global duality group. It involves additional 2-form gauge fields. A suitable zero charge limit of this realization has abelian gauge group and the "gauging" can be viewed as a consistent deformation of that limit. We show that the two methods applied to the corresponding ungauged models have equivalent local deformations -and more generally, have isomorphic local BRST cohomology at all ghost numbers. We finally consider manifestly duality invariant first order actions with abelian gauge group. We point out that obstructions to non-abelian deformations of the Yang-Mills type exhibited in a previous work remain present when couplings to scalar fields are included.
Introduction
It has been realized since the early days of supersymmetry that electric-magnetic duality plays a central role in four dimensional extended supergravity models [1] [2] [3] [4] [5] [6] [7] . Electricmagnetic duality is particularly relevant in the context of so-called gaugings of supergravities in their second order formulation since the available gaugings depend on the Darboux frame in which the theory is formulated. We shall follow the tradition and call this frame also the "duality frame" or the "symplectic frame". The last name reflects the fact that the real symplectic group preserves the symplectic tensor, written in Darboux form, on the 2n v electric and magnetic field directions. We should distinguish the action of the full symplectic group acting on the frame from the "duality" symmetry subgroup G that acts also on the scalar fields and may be strictly smaller.
To be specific, consider maximal supergravity [8] toroidally reduced to 4 spacetime dimensions, described by the second order Lagrangian of [6] . The Lagrangian is invariant under the non-compact rigid symmetry E 7,7 , which contains standard electric-magnetic duality rotations among the electric and magnetic fields. The invariance of the equations of motion was demonstrated in [6] . The invariance of the action itself is more easily verified in the first-order formalism. This was explicitly achieved in [9] , following the crucial pioneering work of [10] further developed in [11, 12] . Now, while the full E 7,7 group is always present as an off-shell symmetry group of the Lagrangian, only a subgroup of it acts locally on all fields in the second-order formulation. The other transformations act non-locally (in space). The explicit non-local form of the duality transformations for standard electromagnetism may be found in [13, 14] .
The subgroup of symmetries that acts locally on the fields of the second order formalism depends on the symplectic frame and is called the "electric symmetry subgroup" (in that symplectic frame). A subgroup of this electric symmetry subgroup is the seed for the local deformations of the abelian gauge symmetry and of the action of the "ungauged" theory usually considered in the literature. For instance, the original gaugings of maximal supergravity were performed in [15] starting from the Lagrangian formulation of [6] with a specific choice of 28 "electric" vector potentials out of the 56 potentials that one may introduce to render dualities manifest. The electric subgroup is SL(8, R) and the subgroup into which the abelian gauge symmetry is deformed is SO (8) . But changing the duality frame opens new inequivalent possibilities [16, 17] , of which [18] provides one of the most recent examples 1 .
Due to the dependence of the available deformations on the duality frame, it is of interest to keep the duality frame unspecified in the gaugings in order to be able to contemplate simultaneously all possibilities. There are at least three different ways to do so. One of them is simply to try to deform directly the manifestly duality-invariant action of [9] . In that first-order formulation, all duality transformations are local and no choice of duality frame is needed. However, generalizing the argument of [21] to include scalar fields, we show that all standard non-abelian Yang-Mills deformations are obstructed for this Lagrangian, so that one needs to turn to a second-order Lagrangian to have access to non-abelian deformations of the Yang-Mills type. As the change of variables from the second-order formulation to the first-order one is non-local (in space), the concept of local deformations changes.
The transition from a Hamiltonian formulation to the usual second-order formulation involves a choice of "q"'s (to be kept) and of "p"'s (to be eliminated) i.e., a choice of symplectic frame. In our case, since the electric and magnetic potentials of the firstorder formulation play the respective roles of coordinates and momenta, this amounts to choosing which potentials are "electric" and which ones are "magnetic". It is for that reason that this step breaks manifest duality. One can nevertheless keep track of the symplectic transformation that relates the chosen symplectic frame to a fixed "reference" symplectic frame. The symplectic matrix coefficients appear then as constant parameters that define the second-order Lagrangian. So, one is really dealing with a family of Lagrangians depending on constant parameters. In order to treat all symplectic frames on the same footing, one should study the gaugings in a uniform manner independently of the values of these constants -although the number and features of the solutions will depend on their actual values. There are moreover redundancies, because many choices of the symplectic matrix coefficients, i.e. of symplectic frame, lead to locally equivalent second order formulations.
A third way to keep track of the symplectic frame is through the "embedding tensor" formalism [22] [23] [24] [25] [26] , where both "electric" and "magnetic" vector potentials are introduced from the beginning without choosing a priori which one is electric and which one is magnetic. Extra 2-forms are added in order to prevent doubling of the number of physical degrees of freedom. In addition to these fields, the Lagrangian contains also constants which form the components of the "embedding tensor" and which indicate how the subgroup to be gauged is embedded in the duality group G. These constants are not to be varied in the action -so that one has a second family of Lagrangians depending on external constants (with some equivalences) -and any choice destroys the manifest symmetry between electricity and magnetism. However if their numerical values are changed under duality transformations the latter are, like Bäcklund transformations, symmetries of the family of actions.
The last two formulations are classically equivalent since the corresponding secondorder Lagrangians yield equivalent equations of motion [22] [23] [24] [25] [26] . One may, however, wonder whether the spaces of available local deformations are isomorphic. One central result proved in this article is that this is so. Along the way, we clarify in detail various formulations of duality.
At this point, a note on the terminology is perhaps not inappropriate. The original "ungauged" theory is really already a gauge theory, since it has abelian vector fields, each one with its own U(1) gauge invariance. The terminology "gauging" might for that reason be a bit disturbing, since one is actually not gauging an initial theory without gauge invariance, but deforming the abelian gauge transformations of an original theory that is already gauged. In the process, one may charge not only the vector fields but also the matter fields through minimal coupling. The terminology "charging" would be thus more accurate, but we shall follow common usage and adopt the terminology "gauging". We shall also use the more general terminology "deforming", which refers to arbitrary (consistent) deformations -and not necessarily those of the Yang-Mills type in which the potentials are viewed as connection on a fiber bundle, in which one "charges" the fields as just described. While one knows that deformations of massless vector fields are severely constrained [27, 28] , it is important, in a systematic investigation of the consistent interactions, to make no a priori assumption.
Our paper is organized as follows.
• In Section 2, we recall the properties of the first-order, manifestly duality invariant action. We stress in the first subsection how the symplectic group emerges in the discussion of electric-magnetic duality in four spacetime dimensions, and more generally, contrast the cases of D = 4m and D = 4m + 2 spacetime dimensions. Returning to 4 dimensions we then also show that the obstructions to local non-abelian deformations of the Yang-Mills type exhibited in [21] , remain valid when couplings to scalar fields are included. This result, which was actually already sketched in [14] , forces one to go to second-order formulations in order to allow the local gaugings.
• Next, in Section 3 we discuss in depth this transition to the usual second-order formalism, which involves a choice of symplectic frame. We indicate how to keep explicit track of that choice in the formalism through the matrix of the symplectic transformation associated with the chosen symplectic frame. We point out that in fact, what really matters for the transition to the second-order formalism, is not the symplectic frame itself, but the equivalence class of symplectic frames defining the same Lagrangian submanifold for the "q"'s. We define the terms "symplectic = Darboux = duality" frame and "electric (stability) group". We also distinguish local changes of variables from the non-local steps that imply a change of class of local deformations.
• We then show in Section 4 how to reformulate the gaugings of the embedding tensor method as deformations of an appropriate zero-charge limit and observe that each embedding tensor model [22] [23] [24] [25] [26] can indeed be recovered as a local deformation of this abelianized limit. We demonstrate that the latter's space of local deformations is isomorphic to the space of local deformations of the standard second-order action with the appropriate choice of the corresponding duality frame. This is because one of the conditions fulfilled by the embedding tensor of [22] [23] [24] [25] [26] , namely their "locality" constraint, implies precisely that there exists a frame in which all the gauge couplings are electric. By expressing the theory in that frame and eliminating the redundant (auxiliary or pure gauge) fields, one goes to the standard formulation. This elimination procedure does not change the space of local deformations so that both formulations have exactly the same local BRST cohomology at ghost number zero -the relevant cohomology for the deformations [29] .
In fact, as we show in this paper, all local cohomology groups H k (s|d) are isomorphic in both formulations. In particular the potential (or "candidate") anomalies (cohomology at ghost number one) are also the same. Accordingly, one can analyze the consistent deformations in either formulation. In a companion paper written in collaboration with G. Barnich and N. Boulanger, the consistent deformations are systematically explored in the standard second-order formulation [30] .
• We close our paper with conclusions (Section 5).
Since the main features related to dualities and duality frames are already present in simpler four-dimensional models consisting of a collection of n v abelian vector fields A I µ coupled to n s scalar fields φ i in such a way that there is a non-trivial duality group G ⊂ Sp(2n v ), we only consider those models in the present paper. More specifically, the "zero charge", second order Lagrangians are
where
with
, and the scalar Lagrangian is taken to be
but its explicit form is actually not crucial in our derivations. Neglecting gravity, this is the generic bosonic sector of ungauged supergravity. The matrices I and R give the non-minimal couplings between the scalars and the abelian vectors. The generating set of gauge invariances is given before "gauging" by
We close this introduction by emphasizing that we develop the analysis in a manner that does not make any a priori assumption on the type of deformations, even when we discuss the embedding tensor formalism that was tailored for deformations of the Yang-Mills type. The only exception is the no-go theorem of Section 2, which specifically forbids Yang-Mills deformations in the first-order formalism with both electric and magnetic potentials.
2 Symplectic structure in electric-magnetic internal space 2.1 4m versus 4m + 2 spacetime dimensions
For a p-form in D = 2p + 2 spacetime dimensions, the electric and magnetic fields are exterior forms of same rank p + 1 and one may consider electric-magnetic duality transformations that mix them while leaving the theory invariant. It turns out that the cases p odd (p = 2m − 1, D = 4m) and p even (p = 2m, D = 4m + 2) lead to different duality groups. The electric-magnetic duality group is a subgroup of Sp(2n v , R) in 4m spacetime dimensions and O(n v , n v ) in 4m + 2 spacetime dimensions [12, 31, 32] . The easiest way to see this is to go to the Hamiltonian formalism.
2 Our conventions are as follows: the spacetime metric is the Minkowski metric with signature (−, +, · · · , +). The Levi-Civita tensors ε λµνρ in 4 spacetime dimensions and ε ijk in 3 spatial dimensions are such that ε 0123 = −1 (so that ε 0123 = 1) and ε 123 = 1.
We first consider the case p = 1 of interest here (D = 4).
The canonical momenta conjugate to the A I are given by
along with the constraint π 0 I = 0. This relation can be inverted to geṫ
2) from which we can compute the first-order Hamiltonian action
(2.4)
The time components A I 0 appears in the action as Lagrange multipliers for the constraints
These constraints can be solved by introducing new (dual) potentials Z Ii through the equation
which determines Z I up to a gauge transformation Z Ii → Z Ii + ∂ iǫI . Note that the introduction of these potentials is non-local but permitted in (flat) contractible space. Putting this back in the action gives
where the doubled potentials are packed into a vector 9) and their curls B M i are
The matrices Ω and M(φ) are the 2n v × 2n v matrices
each block being n v × n v . The dual vector potentials are canonically conjugate to the magnetic fields. The action (2.8), which puts electric and magnetic potentials on the same footing, is called throughout this paper the "first-order action".
The symmetric matrix M can be decomposed as M = S T S where the symplectic matrix S is given by S = E∆, where
T and I = f T f and where we defined
This form is familiar in the case of homogeneous scalar manifolds [26] (section 2).
The kinetic term for the potentials in the first-order action (2.8) can be rewritten
where σ ij M N ( x, y) defines a (pre-)symplectic structure in the infinite-dimensional space of the A M i ( x) and is antisymmetric for the simultaneous exchange of (M, i, x) with (N, j, y),
The internal part Ω M N is antisymmetric under the exchange of M with N, while the spatial part ε ijk ∂ k δ( x − y) is symmetric under the simultaneous exchange of (i, x) with (j, y). A necessary condition for a linear transformation in the internal space of the potentials to be a symmetry of the action is that it should leave the kinetic term invariant, which in turn implies that Ω M N must remain invariant under these transformations, i.e., they must belong to the symplectic group Sp(2n v , R).
However for 2-forms
in six spacetime dimensions, the expression analogous to (2.14) is 17) where the (pre)symplectic form σ ij pq M N ( x, y) is again given by the product of a matrix in internal space and a matrix involving the spatial indices (including ( x)),
As a presymplectic form, σ ij pq M N ( x, y) must be antisymmetric for the simultaneous exchange of (M, ij, x) with (N, pq, y). But now, the spatial part
and therefore the internal part η M N must be symmetric. And indeed, this is what one finds [11, 33] . The signature of η M N is (n v , n v ) and its diagonalization amounts to split the 2-forms into chiral (self-dual) and anti-chiral (anti-self-dual) parts. A necessary condition for a linear transformation in the internal space of the potentials to be a symmetry of the action is again that it should leave the kinetic term invariant, but this implies now that η M N must be invariant under these transformations, i.e., they must belong to the orthogonal group O(n v , n v ).
The analysis proceeds in exactly the same way in higher (even) dimensions. The presymplectic form σ
is symmetric in spacetime dimensions D equal to 4m (p odd) and antisymmetric in spacetime dimensions D equal to 4m + 2 (p even). Accordingly the matrix ρ M N in electric-magnetic internal space must be -and is! -antisymmetric for D = 4m and symmetric for D = 4m + 2, implying that the relevant electric-magnetic group is a subgroup of Sp(2n v , R) or of O(n v , n v ). These results were established in [12, 31, 32] and already anticipated in [34] (see also [35] [36] [37] [38] for independent developments). As stressed in [32] , they do not depend on the spacetime signature.
Global duality group in 4 dimensions
We now come back to the case p = 1 in four dimensions described by the Lagrangian
V is the vector Lagrangian in first order form,
Of special interest are the symmetries of L for which the vector fields transform linearly,
accompanied by a transformation of the scalars that may be nonlinear,
Here, the ǫ α 's are infinitesimal parameters. One might consider more general (nonlinear canonical) transformations of the vector fields, and the scalars might have their own independent symmetries, but we shall confine our attention in this paper to symmetries of this type as they encompass what is usually referred to as "duality symmetries".
For the action to be invariant, the transformation (2.20) should not only be symplectic, but also such that the accompanying transformation (2.21) of the scalar field is given by a Killing vector of the scalar metric g ij (φ) (so as to leave the scalar Lagrangian L S invariant) which implies that
(so as to leave the energy density of the electromagnetic fields invariant). In finite form, the symmetries are A →Ā, φ →φ where the symplectic transformation 23) and the isometry φ →φ of the scalar manifold are such that
The algebra of transformations of the type (2.20), (2.21) that leave the action invariant is called the "(electric-magnetic) duality algebra" G, while the corresponding group is the "(electric-magnetic) duality group" G. As we have just indicated, the duality algebra is a subalgebra of sp(2n v , R). This symplectic condition holds irrespective of the scalar sector and its couplings to the vectors, since it comes from the invariance of the vector kinetic term, which assumes always the same form. Which transformations among those of sp(2n v , R) are actually symmetries depend, however, on the number of scalar fields, their internal manifold and their couplings to the vectors [1-4, 7, 39] .
If there is no scalar field, the invariance of the Hamiltonian
19) implies that a duality transformation should also belong to so(2n v ) so as to leave the metric δ M N invariant, and so the duality algebra is sp(2n v , R) ∩ so(2n v ) ≡ u(n v ). The duality group is the unitary group U(n v ). If there are scalars forming the coset manifold Sp(2n v , R)/U(n v ), with appropriate couplings to the vectors, the duality algebra is the full symplectic algebra sp(2n v , R) and the duality group is Sp(2n v , R). In the case of maximal supergravity toroidally reduced to four dimensions, the scalars are such that the duality group is E 7,7 as discovered in [5, 6] .
No deformations of the Yang-Mills type for the first-order action
It was shown in [21] that the first order action (2.19) without scalar fields,
does not admit non-abelian deformations of the Yang-Mills type.
That is, there is no subgroup of the duality group U(n v ) that can be deformed into a non-abelian one. A much stronger result was actually derived earlier in [40] through the BRST formalism, namely, that the action (2.25) admits no local deformation that deforms the gauge algebra at all.
In fact, the obstruction described in [21] does not depend on the scalar sector and obstructs Yang-Mills deformations even when scalar fields are present. The clash comes from the incompatibility of an adjoint action (as required by the Yang-Mills construction) and the symplectic condition (as required by the invariance of the scalar-independent kinetic term). The persistence of the obstruction even in the presence of scalar fields was announced in the conclusion of [14] , but the proof was only sketched there. For completeness, we give the details here.
To be more specific, consider the Yang-Mills deformation
of the original abelian gauge symmetry of (2.25),
with gauge parameters µ M . Here, the C M N P = −C M P N are the structure constants of the gauge group G g of dimension 2n v into which the original abelian gauge group is deformed, and g is the deformation parameter.
To make the abelian gauge invariance of the starting point more manifest, one can introduce the temporal component A Under the Yang-Mills deformation, the abelian curvatures are replaced by the nonabelian ones, 28) which transform in the adjoint representation as 29) and the ordinary derivatives ∂ µ φ i of the scalar fields are replaced by the covariant derivatives D µ φ i . These contain linearly the undifferentiated vector potentials A N µ . The deformed action reads
The key observation now is that the kinetic term for the vector potentials is the same as in the absence of scalar fields. Invariance of the kinetic term under the Yang-Mills gauge transformations yields therefore the same conditions as when there is no φ i (the kinetic term must be invariant by itself since the scalar Lagrangian is invariant and there can be no compensation with the energy density M M N (φ)F M ij F N ij that contains no time derivative). These conditions are that the adjoint representation (2.29) of the gauge group G g should preserve the symplectic form Ω M N in internal electric-magnetic space [21] and read explicitly C N P M = C M P N (2.31)
The symmetry of C M N P under the exchange of its first and last indices, and its antisymmetry in its last two indices, force it to vanish. Hence, the structure constants C Q N P must also vanish and there can be no non-abelian deformation of the gauge symmetries. The Yang-Mills construction in which the potentials become non-abelian connections is unavailable in the manifestly duality invariant first-order formulation [21] 3 . In order to have access to these deformations, one must avoid the condition (2.31) expressing the invariance of the symplectic form. This is what is effectively achieved when one goes to the second-order formalism by choosing a Lagrangian submanifold, on which the pull-back of Ω M N is by definition zero. This is explained in the next section.
3 Choice of symplectic frames for the transition to the second order formalism and electric group ambiguity
While the first-order and second-order formalisms are equivalent in terms of symmetries (any symmetry in one formalism is also a symmetry of the other 4 ), they are not equivalent in what concerns the concept of locality (specifically, locality in space). A local function in one formulation may not be local in the other. The origin of this difference is made more precise. Consequently, the spaces of consistent local deformations are not the same in both formalisms.
Choice of symplectic frame and locality restriction
In order to go from the first-order formalism to the standard second-order formalism, one has to tell what are the "q"'s (to be kept) and the "p"'s (to be eliminated in favour of the velocities through the inverse Legendre transformation). We have actually made the choice to use Darboux coordinates in (2.11) and we call the corresponding frame a Darboux frame or symplectic frame.
In our case, since the electric and magnetic fields are conjugate, a choice of q's and p's is equivalent to choosing what are the "electric potentials" and what are the conjugate "magnetic potentials". For that reason, a choice of Darboux frame is also called a choice of "duality frame".
Since we consider here only linear canonical transformations, a choice of canonical coordinates amounts to a choice of an element of the symplectic group Sp(2n v , R) relating that symplectic frame (i.e., symplectic basis) to a reference symplectic frame.
Once a choice of symplectic frame has been made, one goes from (2.8) to the secondorder formalism by following the steps reverse to those that led to the first-order formalism:
• One keeps the first half of the vector potentials A I = A I , the "electric ones" in the new frame (I = 1, · · · , n v ).
• One replaces the second half of the vector potentials A I+nv = Z I (the "magnetic ones") by the momenta π
subject to the constraints
which one enforces by introducing the Lagrange multipliers A I 0 . This is the non-local step (in space).
• One finally eliminates the momenta π One can encode the choice of symplectic frame through the symplectic transformation that relates the chosen symplectic frame to a reference symplectic frame,
where E is a symplectic matrix in the fundamental representation of Sp(2n v , R), while A and A ′ are respectively the potentials in the reference and new duality frames. The symplectic property E T ΩE = Ω ensures that the kinetic term in (2.8) remains invariant. The first-order action therefore takes the same form, but with matrices M and M ′ related by
Using the fact that E and E T are symplectic, a straightforward but not very illuminating computation shows that M ′ determines matrices I ′ , R ′ uniquely such that equation (2.11) with primes holds, i.e, there exist unique I ′ and R ′ such that
The matrices I ′ and R ′ depend on the scalar fields, but also on the symplectic matrix E. Performing in reverse order the steps described above, one then gets the second-order Lagrangian
The new Lagrangian (3.6) depends on the parameters of the symplectic transformation E used in equation (3.4) . So we really have a family of Lagrangians labelled by an Sp(2n v , R) element E. By construction, these Lagrangians differ from one another by a change of variables that is in general non-local in space.
There are of course redundancies in this description. The presence of these redundancies will be important in the study of deformations.
First, it is clear that different symplectic transformations can lead to the same final n v -dimensional "Lagrangian subspace" of the q's upon elimination of the momenta. [The choice of the q's is equivalent to a choice of Lagrangian linear subspace, or linear polarization, because the q's form a complete set of commuting variables (in the Poisson bracket). The same is true for a choice of p's.] The stability subgroup T of a Lagrangian subspace consists of the block lower triangular symplectic transformations, yielding second-order Lagrangians that differ by a redefinition of the q's (when E is a canonical "point" transformation) and the addition of a total derivative (when E is a canonical "phase" transformation). Interestingly, the matrix S = E∆ introduced above belongs to this stability subgroup T .
Second, duality symmetries correspond also to redundancies in the transition to the second-order formalism since they do not modify the first-order Lagrangian (when the scalars are transformed appropriately) and hence clearly lead to the same final secondorder Lagrangian.
One can characterize the redundancies as follows. The symplectic transformations (3.3) with matrices E ∈ Sp(2n v , R) and gEt, where t belongs to the stability subgroup T of the final Lagrangian subspace and g belongs to the duality group G, are equivalent. Indeed, the first-order Lagrangian is left invariant under the transformation A → g −1 A (provided the scalars are transformed appropriately), and two sets of new symplectic coordinates A ′ and tA ′ yield equivalent second-order Lagrangians after elimination of the momenta 5 . The relevant space is thus the quotient G\Sp(2n v , R)/T . [In terms of symplectic bases rather than coordinates, one should use dual (transposed) actions of the groups.] It should be noted that the authors of [22] considered a smaller stability subgroup T = GL(n v , R) by requiring invariance of the Lagrangian itself (and not invariance up to a total derivative 5 One could also consider what happens when the coordinates A ′ defined by (3.3) are taken as the reference frame. Then, the changes of frame A ′ = SA ′′ and A ′ = g ′ St ′ A ′′ are equivalent, where g ′ = E −1 gE is the matrix associated with the duality symmetry g in the A ′ -frame and t ′ is an element of the stability subgroup of the Lagrangian subspace in the A ′′ -frame. This gives an equivalent description of the redundancies.
that does not matter classically).
We have repeatedly emphasized that a local expression in the Z 
Electric group
The duality transformations A →Ā = F A, φ →φ, where the symplectic matrix F and the isometry φ →φ of the scalar manifold are such that the condition (2.24) holds, generically mix the electric and magnetic potentials. Accordingly, when expressed in terms of the variables of the second-order formalism, they will generically take a non-local form, since the magnetic potentials become non-local functions of the electric potentials and their time derivatives in the second-order formalism [10, 13, 14] 6,7 .
Thus, an electric symmetry transformation is characterized by the property that the matrix F is lower-triangular, i.e., given that it must be symplectic
An electric symmetry is therefore a transformationĀ [7] , we stress that the duality transformations are defined here in terms of the fundamental variables of the theory that are varied in the action principle, namely the potentials, following [10] . These transformations imply on-shell the duality transformations of the field strengths considered in [7] .
with F given by (3.7). The terminology "electric group" for the group of transformations characterized by (3.7) is standard. The transformations with B = 0 involve transformations of Peccei-Quinn type (axion shift symmetry) [42, 43] .
The electric group G e in a given frame depends of course on the chosen duality frame. Indeed, going to another duality frame with the symplectic matrix E as in (3.3) will replace the matrices F by their conjugates F ′ = E −1 F E, and these might not be lowertriangular. The condition that F ′ has the lower-triangular form (3.7) therefore depends on the choice of E.
The interest of the electric group G e is that its transformations are local in the secondorder formalism. Therefore, among the duality transformations, it is the electric ones that are candidates for (local) gaugings.
4 Deformation leading to the embedding tensor formalism
Magnetic potentials, two forms and abelianization
Another way to cover arbitrary choices of symplectic frames is given by the embedding tensor formalism of [23] [24] [25] [26] . It involves a collection of extra fields. In addition to the n v "electric" vector fields A I µ , the Lagrangian also contains n v "magnetic" vector fieldsÃ Iµ and dim(G) two-forms B αµν (α = 1, . . . , dim(G)), where G is the full duality group (in which one can also include pure scalar symmetries). The Lagrangian of [23] also depends on the "embedding tensor" Θ α M = (Θ α I , Θ Iα ), which are constants in spacetime and not to be varied in the action. They contain information about the embedding of the gauge group in the duality group through the connection
which is G-valued (where G is the Lie algebra of G) and where we wrote
A Ik was called Z Ik above. The embedding tensor also contains information about the choice of symplectic frame -a fact relevant for our purposes -since, as shown in [23] , one of the constraints on the embedding tensor that is present in this approach implies that the "gauged" group must be a subgroup of an electric subgroup of G.
The "gauged" Lagrangian of reference [23] reads
and F I µν ,F Iµν are the Yang-Mills curvatures, differing from the abelian ones by O(g)-terms. The "extra" terms in (4.2) are terms necessary to secure gauge invariance but which vanish in the limit taken below. They are not written for that reason and their explicit form may be found in [23] . As we emphasized in (4.2), they depend on the twoforms B α only through the combination B ′′ α = gB α and carry at least an extra factor of g. The B ′′ α 's are necessary to shift away some field strengths even for g = 0. The authors of [23] also consider matter couplings that we do not write here as they are irrelevant for our purposes. Note that the full duality group is in general not faithfully represented.
The gauged Lagrangian (4.2) is an interacting Lagrangian. To view it as a deformation of an ungauged Lagrangian with the same field content, so as to phrase the gauging problem as a deformation problem, we observe that the straightforward free limit g → 0 of that Lagrangian is just the Lagrangian (1.2), without any additional fields and without the embedding tensor. But if we redefine the two-forms appearing in the Lagrangian (4.2) as B ′′ α = gB α and then take the limit g → 0, one gets In addition to (4.6), the embedding tensor of [23] fulfills other constraints. We stress that (4.6) is the only constraint relevant to our analysis -it is the only one that we will use. Let us note that any term vanishing because of these extra constraints could be added to the above Lagrangian, but for definiteness we adopt (4.4).
The Lagrangian (4.4) is invariant under the 2n v gauge transformations
and the dim G generalized gauge transformations
where we redefined the gauge parameter as Ξ ′′ α = gΞ α with respect to [23] . The parameters λ I ,λ I and Ξ ′′ αν are arbitrary functions. The λ's andλ's correspond to standard U(1) gauge symmetries of the associated one-form potentials. The Ξ ′′ 's define ordinary abelian two-form gauge symmetries and also appear as shift transformations of the oneform potentials. This set of gauge symmetries is reducible since adding a gradient to Ξ ′′ and shifting simultaneously the λ I andλ I , i.e. 10) leads to no modification of the gauge transformations.
By construction, the non-abelian Lagrangian of [23] can be viewed as a consistent local deformation of (4.4), since one can charge the fields in (4.4) in a smooth way -by adding O(g) and O(g 2 ) terms -to get the non-abelian Lagrangian. The abelian Lagrangian (4.4) is thus a sensible starting point for the deformation procedure. The space of consistent local deformations of (4.4) will necessarily include the non-abelian Lagrangian of [23] 8 .
A natural question to be asked is whether the space of local deformations of (4.4) is isomorphic to the space of local deformations of the conventional Lagrangian (3.6) in an appropriate symplectic frame. We show that this is the case.
To that end, we will now perform a sequence of field redefinitions and show that the Lagrangian (4.4) with a given definite (arbitrary) choice of embedding tensor differs from the Lagrangian (3.6) in a related symplectic frame by the presence of algebraic auxiliary fields that can be eliminated without changing the local BRST cohomology. The other extra fields are pure gauge with gauge transformations that are pure shifts so that they do not appear in the Lagrangian and do not contribute either to the local BRST cohomology. We recall that the local BRST cohomology at ghost number zero is what controls the space of non trivial deformations [29] .
The steps performed below for g = 0 follow closely the steps given in [23] to prove that the extra fields appearing in the embedding tensor formalism do not add new degrees of freedom with respect to conventional gaugings. As shown by the examples of the first-order and second-order formulations discussed in the previous sections, however, equivalent actions might admit inequivalent spaces of local deformations. Another example is given in [44] [45] [46] . We therefore feel that it is important to relate the local BRST cohomologies, and we monitor in particular carefully below how locality goes through each field redefinition. Furthermore, at no stage do we fix the gauge in order to make it clear that the analysis is gauge-independent. This is also important since gauge fixing might have an impact on local cohomology.
The magnetic components Θ
Iα of the embedding tensor form a rectangular n v ×(dim G) matrix. Let r ≤ n v be its rank. Then, there exists an n v × n v invertible matrix Y and a 8 If the embedding tensor components Θ Iα and Θ α I do not fulfill the extra constraints of [23] , one will simply find that there is no deformation of the type of [23] among the consistent deformations of (4.4).
is of the form 12) where θ is an r × r invertible matrix. (Indeed, the matrices Y and Z can be constructed as a product of the matrices that implement the familiar "elementary operations" on the rows and columns of Θ Iα .)
We also define the new electric components by 13) so that the new components still satisfy the constraint (4.6)
As in section 5.1 of [23] , let us split the indices as I = (Î,Û ) and α = (i, m), wherê I, i = 1, . . . , r,Û = r + 1, . . . , n v and m = r + 1, . . . , dim G. We also definẽ
(4.15)
With this split, equations (4.12) and (4.14) become
Now, we make the field redefinitions
In those variables, the Lagrangian takes the same form (4.4) but with primed quantities everywhere. The new matrices I ′ and R ′ are given by
These field redefinitions are local, so any local function of the old set of variables is also a local function of the new set of variables.
Using equation (4.16) , it can be seen that the magnetic vector fieldsÃ ′Û and the twoforms B ′ m do not appear in the Lagrangian 9 .
9 This means that their gauge symmetries are in fact pure shift symmetries. In particular, a complete description of the gauge symmetries of the two-forms B 
(4.19)
They suggest the further changes of variables , one finds that the variation of the new variables simplifies to
We have used a different symbol ∆ iµν to emphasize that it does not transform anymore as a generalized gauge potential. Because θÎ i is invertible, the gauge parameters η i and ǫÎ µ provide an equivalent description of the gauge symmetries, but contrary to that given by λ ′Î ,λ ′Î and Ξ 
23) where theH
The gauge variations of the fields are
The two-forms ∆ i are auxiliary fields and can be eliminated from the Lagrangian (4.23), yielding a Lagrangian of the form (3.6) in a definite symplectic frame. This is because the relevant quadratic form is invertible (see [23] , section 5.1, where the final Lagrangian may also be found).
One can get this Lagrangian more directly as follows. After the auxiliary fields are eliminated, the variables that remain are the scalar fields and the n v vector fields A ′Û and A i . We thus see that the embedding tensor determines a symplectic frame. The matrix E ∈ Sp(2n v , R) defining the symplectic frame can be viewed in this approach as the function E(Θ) of the embedding tensor obtained through the above successive steps that lead to the final Lagrangian where only half of the potentials remain. Of course, there are ambiguities in the derivation of E from the embedding tensor, since choices were involved at various stages in the construction. One gets E up to a transformation of the stability subgroup of the Lagrangian subspace of the n v electric potentials A ′Û andĀ i .
More explicitly, one gets the matrix E(Θ) from the above construction as follows: the change of variables (4.17) can be written as
and the full change (4.20) (including the trivial redefinitions of the other vector fields) as which follows from the last of (4.16) upon contractions with θ −1 , one can show that E(Θ) defined in this way is indeed a symplectic matrix. Once E(Θ) is known, the final Lagrangian in this symplectic frame (i.e., the Lagrangian that follows from the elimination of ∆ i in (4.23)) is then simply the one of section 3.1, that is, the Lagrangian (3.6) with I ′ and R ′ determined from (3.5) where M ′ is given by
(see (3.4) ). In general, the matrix E will have an upper triangular part, and hence, will not belong to the stability subgroup of the original electric frame.
We close this subsection by noting that, as we have seen, it is the rank of the magnetic part of the embedding tensor that controls how many original "magnetic" fields become "electric". In particular, if the rank is zero, all original electric fields remain electric. While if the rank is maximum, all original magnetic fields become electric.
BRST cohomology
The space of equivalence classes of non-trivial, consistent deformations of a local action is isomorphic to the BRST cohomology in field-antifield space [47] at ghost number zero [29] . The cohomology in the space of local functionals, relevant here, is denoted by H 0 (s|d). The question, then, is to determine how the variables appearing in addition to the standard variables of the Lagrangian (3.6) could modify H 0 (s|d).
It follows from the previous subsection that these extra variables are of two types:
• either they are of pure gauge type, dropping out from the Lagrangian -or what is the same, invariant under arbitrary shifts;
• or they are auxiliary fields appearing quadratically and undifferentiated in the Lagrangian, consequently they can be eliminated algebraically through their own equations of motion.
We collectively denote by W α the fields of pure gauge type. So the W α 's stand for the n v vector potentialsÃ ′Û , A ′Î and the (dim G − r) two-forms B where C α are the ghosts of the shift symmetry and W * α , C * α the corresponding antifields, so that (C α , W α ) and (W * α , C * α ) form "contractible pairs" [41] . Similarly, the BRST differential acting in the sector of the second type of variables read
where ∆ ′ * i are the antifields conjugate to ∆ ′ i , showing that the auxiliary fields and their antifields form also contractible pairs since κ ij is non degenerate. Now, the above BRST transformations involve no spacetime derivatives so that one can construct a "contracting homotopy" [41] in the sector of the extra variables (W α , ∆ ′ i ), their ghosts and their antifields that commutes with the derivative operator ∂ µ . The algebraic setting is in fact the same as for the variables of the "non minimal sector" of [47] . This implies that the extra variables neither contribute to H k (s) nor to H k (s|d) [48] .
To be more specific, let us focus on the contractible pair (C α , W α ). The analysis proceeds in exactly the same way for the other pairs. One can write the BRST differential in that sector as s = The operator N gives the homogeneity degree in W α , C α and their derivatives. So, the polynomial a is such Na = ka with k a non negative integer if and only if it is of degree k in W α , C α and their derivatives (by Euler theorem for homogeneous functions).
Because N commutes with s, we can analyze the cocycle condition sa + db = 0 (4.41) at definite polynomial degree, i.e., assume that Na = ka, Nb = kb where k is a nonnegative integer. Our goal is to prove that the solutions of (4.41) are trivial when k = 0, i.e., of the form a = se + df , so that one can find, in any cohomological class of H(s|d), a representative that does not depend on W α or C α -that is, W α and C α "drop from the cohomology".
To that end, we start from a = N a k (k = 0), which we rewrite as a = sρ 
Conclusions and Comments
The question of finding all consistent local deformations of supergravities is an important one. In particular, the deep role played by electric-magnetic duality in that context must be taken into account.
This paper, where we considered only the non-gravitational bosonic sector of supergravities to focus on the role of electric-magnetic duality, motivates the systematic analysis of the local deformations of the standard Lagrangian (3.6) with only n v vector fields, in which the symplectic frame is kept arbitrary. By doing so, one does not miss deformations that would be available in the embedding tensor formalism (with arbitrary embedding tensor), since we have proved that both formulations admit exactly the same local BRST cohomologies, at ghost number zero (consistent deformations) but in fact also at all ghost numbers.
We have furthermore shown that the first-order manifestly duality invariant action does not admit local deformations of the Yang-Mills type. One must turn to the second-order action (3.6) to have access to these local deformations.
In separate work [30] , we systematically compute the local BRST cohomology of the standard Lagrangian (3.6) by methods covering any choice of symplectic frame and without making a priori assumption on the type of deformation.
